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Quantity

INTRODUCTION

‘K indicated in the chapter on Quatity, the
traditional consideration of that funda-
mental' notion involves questions concerning
the relation of quality and quantity and the
priority of one or the other in the nature
of things. According to one theory of the
elements, difference in quality rather than in
quantity seems to be the defining character-
istic. Certain kinds of qualities, it is thought,
inhere in substances directly and without be-
ing based upon their quantitative aspects. But
it is seldom if ever suggested that quality takes
universal precedence over quantity.

In the tradition of western thought, the
opposite view—that quantities are primary—
seems to occur with some frequency, at least
so far as the realm of material things is con-
cerned. It is held that bodies have only quan-
titative attributes. Such sensible qualities as
colors, odors, tastes, textures are thought to
have no reality apart from experience; or, as it
is sometimes put, red and blue, hot and cold,
sweet and sour are the qualities of sensations,
not of things.

Those who think that bodies can exist with-
out being perceived, also tend to think that
bodies can ‘exist totally bereft of qualities,
but never without the dimensions of quantity.
The notions of matter and quantity seem to
be inseparably associated. For matter to exist
without existing in some quantity seems to
be as inconceivable as for experience to ex-
ist without qualitative diversity. “As if there
could be matter,” says Hobbes, “that had not
some determined quantity, when quantity is
nothing else but determination of matter; that
is to say, of body, by which we say that one
body is greater or less than another by thus or
thus much.”

The use of the word “quality” where quan-
tity appears to be meant only slightly obscures
this point. Newton refers to “extension, hard-
ness, impenetrability, mobility, and inertia” as
“the qualities of bodies” which “are to be
esteemed the universal qualities of all bod-
ies whatsoever.” Following him, Locke calls
our simple ideas of “solidity, extension, fig-
ure, motion or rest, and number” ideas of
“the original or primary qualities of bodies,”
and says that even if bodies are divided “till
their parts become insensible, they must re-
tain still each of them all those qualities. For
division . . . can never take away either solid-
ity, extension, figure, or mobility from any
body, but only makes two or more distinct
separate masses of matter, of that which was
one before.”

Though Locke uses the word “quality” for
those attributes which belong to bodies even
when they are not sensed or are not even sensi-
ble, he also appears to recognize that number,
extension, and figure are, as the traditional ob-
jects of the mathematical sciences, tradition-
ally regarded as quantities rather than qualities.
“It has been generally taken for granted,” he
writes, ‘‘that mathematics alone are capable of
demonstrative certainty; but to have such an
agreement or disagreement as may intuitively
be perceived, being, as | imagine, not the
privilege of the ideas of number, extension,
and figure alone, it may possibly be the want
of due method and application in us. .. that
demonstration has been thought to have so
lictle to do in other parts of knowledge.” Yet,
he adds, “in other simple ideas, whose modes
and differences are made and counted by de-
grees, and not quantity, we have not so nice
and accurate a distinction of their differences
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as to perceive, or find ways o measure, their
just equality.”

Newten also gives some indication that his
“aniversal qualities” are quantities. He re-
stricts them to attributes “which admit neither
intensification nor remission of degrees.” One
difference between quantity and quality, ac-
cording to an ancient opinion, is that qualities
are subject to variation in degree, quantities
not. One thing may be white or hot to a
greater or lesser degree than another, Aristotle
observes, but “one thing cannot be two cubits
long in a greater degree than another. Similarly

with regard to number: what is ‘three’ is not -

more truly three than what is ‘five’ is five . . .
Nor is there any other kind of quantity, of
all that have been mentioned, with regard to
which variation in degree can be predicated.”

GRANTED THAT WHAT Newton and Locke call
““qualities” are not qualities, except in the
sense in which the word “quality” means at-
tribute, difficult questions remain concerning
their enumeration of the universal or primary
attributes of bodies. Do extension, hardness,
impenetrability, motion and rest, figure and
number constitute an exhaustive enumeration?
Are these all the corporeal quantities, or only
the basic ones from which others can be de-
rived? Are they all of the same kind and,
among them, are some more fundamental than
others?

Descartes, for example, seems to make ex-
tension the one primary attribute of bodies.
“I observed,” he writes, “that nothing at all
belonged to the nature or essence of bodies,
except that it was a thing with length, breadth,
and depth, admitting of various shapes and
various motions. | found also that its shape
and motions were only modes, which no
power could make to exist apart from it ...
Finally, [ saw that gravity, hardness, the power
of heating, of attracting, and of purging, and
all other qualities which we experience in bod-
ies, consisted solely in motion or its absence,
and in the configuration and situation of their
parts.”

With motion and figure modes of exten-
sion, and all the other properties of bodies the
result of their motions or configurations, the
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three dimensions of extension (or spatial mag-
nitude) become almost identical with body it-
self. Considering the statement body possesses
extension, Descartes points out that, though
“the meaning of extension is not identical with
that of body, yet we do not construct two
distinct ideas in our imagination, one of body,
the other of extension, but merely a single
image of extended body; and from the point
of view of the thing it is exactly as if 1 had
said: body is extended, or better, the extended
is extended.”

But, Descartes adds, when we consider the
expression extension is not body, “the meaning
of the term extension becomes otherwise than
as above. When we give it this meaning there
is no special idea corresponding to it in the
imagination.” It becomes a purely abstract en-
tity, which may properly be the object of the
geometer’s consideration; but then it should
be treated as an abstraction and not as if it had
independent reality.

Aquinas also distinguishes between physical
and mathematical quantities, or the quanti-
ties which inhere in bodies and the quanti-
ties abstracted therefrom. “Quantities, such as
number, dimension, and figure, which are the
terminations of quantity, can be considered
apart from sensible qualities, and this is to
abstract them from sensible matter. But they
cannot be considered without understanding
the substance which i$ subject to quantity”—
that is, corporeal or material substance. Like
a body, a mathematical solid has three di-
mensions, but, as Aquinas points out, lacking
matter, this three-dimensional object does not
occupy space or fill a place. The three spatial
dimensions are not for him, however, the only
primary quantities of either the physical or the
mathematical body. Number and figure are as
fundamental.

Still another enumeration of corporeal
quantities is given by Lucretius in his descrip-
tion of the properties of atoms. According to
him, atoms vary in size, weight, and shape.
Each of these attributes is a distinct quantity,
not reducible to the others. In addition, atoms
have the property which Newton calls “impen-
etrability” and Locke “solidity.” But whereas
atoms may be unequal in size and weight, and
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different in shape or configuration, they are all
equal in their solidity, being absolutely indivis-
ible through lack of void or pores.

THE DISTINCTION BETWEEN mathematical and
physical quantity and the enumeration or or-
dering of diverse quantities seems to require
the consideration of two prior questions.
What is the nature of quantity? What are the
kinds or modes of quantity?

Terms like quantity and quality do not ap-
pear to be susceptible of definition. Quantity
is, perhaps, the fundamental notion in the
mathematical sciences, yet neither it nor such
terms as magnitude, figure, and number are
defined in the great books of geometry or
arithmetic. In Aristotle’s theory of the cate-
gories as the highest genera, such terms as
substance, quantity, quality, and relation are
strictly indefinable, if to define a term is to
give its genus and differentia. 4

With quite a different theory of the cat-
egories, Kant also treats them as indefinable.
As indicated in the chapter on QuaLiTy, they
are for him the transcendental concepts of the
understanding. He uses such terms as quan-
tity, quality, and relation, with modality as a
coordinate fourth, to represent the four major
groupings of the categories. In his table of the
categories, Kant’s treatment of quantity, under
which he lists the concepts of unity, plurality,
and totality, parallels the treatment of quantity
in his table of judgments, according to which
judgments are classified as universal, particu-
lar, and singular. All these considerations of
quantity belong to what Kant calls his “tran-
scendental logic.” So far as Kant considers
quantity in its mathematical or physical (rather
than logical) significance, he discusses it in
connection with the transcendental forms of
space and time which provide, according to
him, the @ priori foundaticns of geometry and
arithmetic—the sciences of magnitude and
number. But in none of these connections are
quantity and its principal modes, magnitude
and number; defined.

Though indefinable, quantity can, accord-
ing to Aristotle, bé characterized by certain
distinctive marks. As we have already ob-
served, where qualities admit of variation in
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degree, quantities do not. With few excep-
tions, each quality has a contrary, whereas
definite quantities such as an extent or a num-
ber are not opposed by contrary quantities.
Aristotle considers the possibility that such
apparently quantitative terms as ‘large’ and
‘small’ may also appear to be contrary to one
another, as hot is to cold, or white is to black.
But, he argues, these terms represent quantities
only relatively, not absolutely. When things
are compared with respect to size, one may be
judged to be both larger and smaller than oth-
ers, but the sizes of each of two things unequal
in size are not contrary to one another.

These two characteristics (lack of contrari-
ety and of variation in degree) do not, how-
ever, satisfy Aristotle’s search for a distinctive
mark of quantity. They apply to substances,
such as tree or man, as well as to figures and
numbers. This fact could have some bearing
on the issue whether the objects of mathe-
matics have a separate existence comparabie
to that of substances, but in Aristotle’s view
at least, quantities are not substances. Physi-
cal quantities are the attributes of bodies; the
objects of mathematics consist of quantities
abstracted from sensible matter.

Conceiving quantity as one of the attributes
of substance, Aristotle says that “the most
distinctive mark of quantity is equality and
inequality.” Only when things are compared
quantitatively can they be said to be equal or
unequal; and, conversely, in whatever respect
things are said to be equal or unequal, in that
respect they are determined in quantity.

“How far is it true,” Plotinus asks, “that
equality and inequality are characteristic of
quantity?” It is significant, he thinks, that tri-
angles and other figures are said to be similar
as well as equal. “It may, of course, be the case
that the term ‘similarity’ has a different sense
here from that understood in reference to
quality”; or another alternative, Plotinus adds,
may be that “similarity is predicable of quan-
tity only insofar as quantity possesses [quali-
tative] differences.” In any case, comparison,
whether in terms of equality or likeness, seems
to generate the relationships fundamental
to the mathematical treatment of quantities.

Euclid does not define magnitude in itself,
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but only the relation of magnitudes tc one
another. The first four definitions in the fifth
book of his Elements illustrate this. “1. A mag-
nitude is a part of a magnitude, the less of the
greater, when it measures the greater. 2. The
greater is a multiple of the less when it is mea-
sured by the less. 3. A ratio is a sort of relation
in respect of size between two magnitudes of
the same kind. 4. Magnitudes are said to have
a ratio to one another, which are capable,
when multiplied, of exceeding one another.”

Archimedes also states his understanding of
the distinction between kinds of magnitudes—
without defining these kinds—by reference to
their comparability. Assuming that any given
magnitude can, by being multiplied, exceed
any other magnitude of the same kind, he
is able to know that magnitudes are of the
same kind if, by being multiplied, they can
exceed one another. It follows that an indivis-
ible point and a finite or divisible magnitude,
such as a line, are not of the same kind, for
they cannot have a ratic to one another. For
the same reason, the length of a line, the area
of a plane, and the volume of a solid are not
magnitudes of the same kind. Since they bear
no ratio to one another, they are quantitatively
incomparable.

THE EMPHASIS UPON ratios has some signifi-
cance for a controversial point in the defi-
nition of the subject matter of mathematics.
In the tradition of the great books, mathe-
maticians and philosophers seem to agree that
arithmetic and geometry have as their objects
the two principal species of quantity—number
and magnitude. This is the opinion of Euclid,
Nicomachus, Descartes, and Galileo; it is the
opinion of Plato, Aristotle, Aquinas, Francis
Bacon, Hume, and Kant. But writers like Rus-
sell and Whitehead, who reflect developments
in mathematics since the 9th century, reject
the traditional opinion as unduly narrowing
the scope of mathematics.

To give adequate expression to the univer-
sality of mathematics, they sometimes propose
that it should be conceived as the science not
merely of quantity, but of relations and or-
der. In view of the fact that the great books
of mathematics deal with quantities largely in
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terms of their relationship or order to one
another, the broader conception seems to fit
the older tradition as well as more recent de-
velopments. Whether there is a genuine issue
here concerning the definition of mathemati-
cal subject matter may depend, therefore, on
whether the fundamental terms which gener-
ate the systems of relationship and order are or
are not essentially quantitative. To this ques-
tion the traditional answer seems to be that
the mathematician studies not relations of any
sort, but the relation of quantities.

The problem of the kinds of quantity seems
to appeal for solution to the principle of com-
mensurability. For example, Galileo’s observa-
tion that finite and infinite quantities cannot
be compared in any way, implies their utter di-
versity. But he goes further and says that “the
attributes ‘larger,” ‘smaller,” and ‘equal’ have
no place either in comparing infinite quantities
with each other or in comparing infinite with
finite quantities.” If the notion of quantity
entails the possibility of equality or inequal-
ity between two quantities of the same kind,
then either infinite quantities are not quanti-
ties, or each infinite quantity belongs to a kind
of its own.

The principle of incommensurability seems
to be applied by mathematicians to distin-
guish quantities which are different species
of the same generic kind. For example, the
one-dimensional, two-dimensional, and three-
dimensional quantities of a line, a plane, and
a solid, are incommensurable magnitudes. The
number of days in a year and the number of
years in infinite or endless time are incommen-
surable multitudes.

The distinction between magnitude and
multitude (or number) as two modes of quan-
tity appears to be based upon another princi-
ple, that of continuity and discontinuity. Yet
the question can be raised whether magnitudes
are commensurable with numbers, at least to
the extent of being measured by numbers.
It may be necessary, however, to postpone
answering it until we have examined the fun-
damental difference between magnitude and
multitude as generic kinds of quantity.

What if magnitude and muititude, or con-
tinuous and discontinuous quantity, do not di-
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vide quantity into its ultimate kinds? Aquinas,
for example, proposes that the two basic kinds
are dimensive and virtual quantity. “There is
quantity of bulk or dimensive quantity,” he
writes, “which is to be found only in cor-
poreal things, and has, therefore, no place in
God. There is also quantity of virtue, which is
measured according to the perfection of some
nature or form.” It is in the latter sense, ac-
cording to Aquinas, that Augustine writes: “In
things which are great, but not in bulk, to be
greater is to be better.”

Just as dimensive quantities can be incom-
mensurable with one another, so with respect
to virtual quantities, God’s infinite perfec-
tion makes him incommensurable with finite
creatures. But a dimensive quantity cannot
be either commensurable or incommensurable
with a virtual quantity. The standard of mea-
surement by which dimensive quantities are
compared, and the standard by which virtual
quantities are ordered, represent utterly di-
verse principles of commensurability. Euclid’s
statement that “those magnitudes are said to
be commensurable which are measured by the
same measure, and those incommensurable
which cannot have a common measure,” can-
not be extended to cover dimensive and virtual
quantities, for the very meaning of “measure”
changes when we turn from the dimensions of
a body to the perfections of a being.

The distinction which Aquinas makes be-
tween dimensive and virtual magnitudes has its
parallel in the distinction he makes between
two kinds of number, for both depend on the
difference between material and formal quan-
tity. “Division is twofold,” he writes. “Cne
is material, and is division of the continuous;
from this results number, which is a species of
quantity. Number in this sense is found only
in material things which have quantity. The
other kind of division is formal, and is effected
by opposite or diverse forms; and this kind of
division results in a.muititude, which does not
belong to a genus, but is transcendental in the
sense in which being is divided by one and
many. Only this kind ef multitude is found in
immaterial things.” According to the example
suggested in the context, such is the multitude
which is the number of persons in the Trinicy.

THE GREAT IDEAS

THE MATERIAL quantities of physics and math-
ematics seem to fall under the two main heads
of magnitude and multitude. “Quantity is ei-
ther discrete or continuous,” writes Aristotle.
“Instances of discrete quantities are number
and speech; of continucus, lines, surfaces,
solids, and, besides these, time and place.”
Nicomachus explains the two kinds of quan-
tity by examples. “The unified and continu-
ous,” he says, is exemplified by “an animal,
the universe, a tree, and the like, which are
properly and peculiarly called ‘magnitudes’
to illustrate the discontinuous, he points to
“heaps of things, which are called ‘multitudes,’
a flock, for instance, a people, a chorus, and
the like.”

The principle of this distinction appears to
be the possession or lack of a common bound-
ary. To take Aristotle’s example of speech as a
quantity, the letters of a written word or the
syllables of vocal utterance comprise a mul-
titude rather than a continuum or magnitude
“because there is no common boundary at
which the syllables join, each being separate
and distinct from the rest.” The continuity of
magnitudes can be readily seen, according to
Aristotle, in the possibility of finding a com-
mon boundary at which the parts of a line join
or make contact. “In the case of a line,” he
says, “this common boundary is the point; in
the case of a plane, it is the line . . . Similarly,
you can find a common boundary in the case
of the parts of a solid, namely, either a line
or a plane.”

Accepting the principle of the distinction,
Plotinus insists that “number and magnitude
are to be regarded as the only true quantities.”
All others, like space and time, or motion,
are quantities only in a relative sense, that is,
insofar as they can be measured by number
or involve magnitude. Galileo raises another
sort of difficulty. The Aristotelian conception
of magnitudes as continuous quantities im-
plies their infinite divisibility. This means, in
his terms, that “every magnitude is divisible
into magnitudes” and that “it is impossible
for anything continuous to be composed of
indivisible parts.” Galileo acknowledges the
objections to “building up continucus quan-
tities out of indivisible quantities” on the
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ground that “the addition of one indivisible
to another cannot produce a divisibie, for if
this were so it would render the indivisible
divisible.” Suppose a line to comprise an odd
number of indivisible points. Since such a line
can, in principle, be cut into two equal parts,
we are required o do the impossibie, namely,
“to cut the indivisible which lies exactly in the
middle of the line.”

To this and other objections which seem to
him of the same type, Galileo replies that “a
divisible magnitude cannot be constructed out
of two or ten or a hundred or a thousand
indivisibles, but requires an infinite number
of them ...l am willing,” he says, “to grant
to the Peripatetics the truth of their opinion
that a continuous quanticy is divisible only
into parts which are still further divisible, so
that however far the division and subdivision
be continued, no end will be reached; buc I
am not so certain that they will concede to
me that none of these divisions of theirs can
be a final one, as is surely the fact, because
there always remains ‘ancther’; the final and
ultimate division is rather one which resolves
a continuous guantity into an infinite number
of indivisible quantities.”

The questicn remains whether these indivis-
ible units, an infinite number of which con-
stitute the continuity of a finite magnitude,
can properly be called quantities. Ac least they
are not magaitudes, as is indicated by Euclid’s
definition of a point as “that which has no
part,” or by Nicomachus’ statement that “the
point is the beginning of dimension, but is not
itself a dimension.” If, in addition to having
position, a point had size or extent, a finite
line could not contain an infinite number of
points.

WiTHIN EACH OF THE two main divisions
of gquantity—magnitude and number—further
subdivisions into kinds are made. Relatrions
of equality and inequality, or proportions of
these ratios, may occur berween guantities
different in kind—different plane figures, for
example. But rthe great books of mathematics
indicate other probiems in the study of quan-
tity than those concerned with the ratios and
proportions of quantities. The classifications
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of lines and figures results in the discovery
of the properties which belong to each type.
Possessing the same properties, all lines or fig-
ures of a certain type are similar in kind, not
equal in quantity. In addition to developing
the properties of such straight lines as perpen-
diculars and paraliels, or such curved lines as
circles and ellipses, parabolas and hyperbolas,
the geometer defines the different types of re-
lationship in which straight lines can stand to
curves, e.g., tangents, secants, asymptotes.

As there are types of lines and figures, both
plane and solid, so there are types of num-
bers. Euclid and Nicomachus divide the odd
numbers into the prime and the composite—
into those which are divisible only by them-
selves and unity, such as 5 and 7, and those
which have other factors, such as 9 and 15.
The composite are further differentiated into
the variety which is simply secondary and
composite and “the variecy which, in itself,
is secondary and composite, but relatively is
prime and incomposite.” To tilustrate the lac-
ter, Nicomachus asks us to compare g with 25.
“Each in itself,” he writes, “is secondary and
composite, but relatively to each other they
have only unity as a common measure, and no
factors in them have the same denomtnator,
for the third part in the former does not exist
in the latter nor is the fifth part in the latter
found in the former.”

The even numbers are divided by Nicom-
achus intc the even-times-even (numbers like
64 which can be divided intoc equal halves, and
their halves can again be divided into equal
halves, and so on until division must stop);
the even-times-odd (numbers like 6, 10, 14,
18 which can be divided intc equal halves,
but whose halves cannot be divided again into
equal halves); and the odd-times-even {num-
bers like 24, 28, 40 which can be divided into
equal parts, whose parts also can be so divided,
and perhaps again these parts, but which can-
not be divided in this way as far as unity).
By another principie of classification, the even
numbers fall intoc the superabundant, the de-
ficient, and the perfect. The factors which
produce superabundant or deficient numbers,
when added together, amount to more or less
than the number itself; but a number is per-
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fect, Nicomachus writes, when, “comparing
with itself the sum and combination of all the
factors whose presence it wiil admi, it neither
exceeds them in muititude nor is exceeded by
them.” It is “equal to its own parts”; as, for
example, 6, “for 6 has the factors haif, third,
and sixth, 3, 2, and 1, respectively, and these
added together make 6 and are equal to the
original number.” At the time of Nicomachus
only four perfect numbers were known—é,
28, 496, 8128; since his day seven more have
been discovered.

The further classification of numbers as lin-
ear, plane, and solid, and of plane numbers
as triangular, square, pentagonal, etc., assigns
properties to them according to their config-
urations. The analysis of figurate numbers by
Nicomachus or Pascal represents one of the
great bridges between arithmetic and geome-
try, of which the other, in the opposite direc-
tion, is the algebraic rendering of geometric
loci in Descartes’s analytic geometry.

In either direction of the translation be-
tween arithmetic and geometry, discontinuous
and continuous quantities seem to have cer-
tain properties in common, at least by analogy.
Euclid, for example, proposes numerical ratios
as the test for the commensurability of mag-
nitudes. “Commensurable magnitudes have to
one another,” he writes, “the ratio which a
number has to a number.” With the exception
of infinite numbers, all numbers are commen-
surable and so provide the criterion for deter-
mining whether two magnitudes are or are not
commensurable.

Introducing the notion of dimensionality
into- the discussion of figurate numbers, Ni-
comachus observes that “mathematical specu-
lations are always to be interlocked and to be
explained one by means of another.” Though
the dimensions by which linear, plane, and
solid numbers are to be distinguished “are
more closely related to magnitude . . . yet the
germs of these ideas are taken over into arith-
metic as the science which is the mother of
geometry and more elementary than it.” The
translation does not seem to fail in any respect.
The cniy nondimensionai number, unity, finds
its geometric analogue in the point, which has
position withcut magnitude.
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When diverse magnitudes are translated
into numbers, the diversity of the magnitudes
seems 1o be effaced by the fact that their nu-
merical measures do not have a corresponding
diversity. The numbers will appear to be com-
mensurable though the magnitudes they mea-
sure are not, as magnitudes, comparable. As
Descartes points out, it is necessary, therefore,
to regard each order of magnitude as a distinct
dimension.

“By dimension,” Descartes writes, “I under-
stand nothing but the mode and aspect ac-
cording to which a subject is considered to be
measurable. Thus it is not merely the case that
length, breadth, and depth are dimensions; but
weight also is a dimension in terms of which
the heaviness of objects is estimated. So, too,
speed is a dimension of motion, and there are
an infinite number of similar instances. For
that very division of the whole into a number
of parts of identical nature, whether it exist in
the real order of things or be merely the work
of the understanding, gives us exactly that di-
mension in terms of which we apply number
to objects.”

The theory of dimensions can be illustrated
by the choice of clocks, rulers, and balances as
the fundamental instruments for the measure-
ment of physical quantities. They represent
the three dimensions in the fundamental equa-
tions of mechanics—time, distance, and mass.
A thorough discussion of the measurement of
quantities is to be found in Whitehead’s Intro-
duction to Mathematics.

Additionai dimensions may be introduced in
electricity or thermodynamics. In developing
the theory of heat, Joseph Fourier, for exam-
ple, enumerates five quantities which, in order
to be numerically expressed, require five differ-
ent kinds of units, “namely, the unit of length,
the unit of time, chat of temperature, that of
weight, and finally the unit which serves to
measure quantities of heat.” To which he adds
the remark that “every undetermined magni-
tude or constant has one dimension proper to
ieself, and that the terms of one and the same
equation could not be compared,-if they had
not the same exponent of dimension.”

A fuller discussion of the basic physical
quaniities, their definition, measurement, and
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‘their relation to one another, belongs to the mensions, occurs in the chapters devoted to -
chapter on MecHaNics. The consideration of  those subjects.
time and space as quantities, or physical di-




